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Abstract

Standard Carbon-Aware Optimal Power Flow (C-OPF) models currently suffer from a critical
“static weather” bias; they treat transmission capacities and generator efficiencies as constant ther-
mal limits and ignore the local meteorological conditions that determine pollutant toxicity. This
simplification leads to a grid that is inefficiently constrained during favorable weather, wasting re-
newable potential, and dangerously permissive during adverse weather, risking acute public health
crises.

This paper proposes a Weather-Adaptive C-OPF (WA-C-OPF) framework that internalizes
real-time meteorological data to co-optimize system cost, global emissions, and local air quality.
Our methodology introduces three dynamic mechanisms: Dynamic Line Ratings (DLR) to unlock
hidden grid capacity using wind cooling; Temperature-Dependent Generator Efficiency to pe-
nalize thermal plants during heatwaves; and a Meteorological Dispersion Index (MDI) to tighten
nodal carbon caps during atmospheric stagnation events. To ensure computational tractability, we
employ Machine Learning (ML) Proxies to map these complex weather-dependent physical inter-
actions into convex constraints compatible with standard solvers.

Implementation and Evaluation: The project will be implemented on the IEEE 39-bus New
England System by synthesizing historical regional weather data with grid topology. We will first
train lightweight regression models to predict safe dynamic line limits and dispersion indices from
weather forecasts, decoupling the complex physics from the optimization loop. These ML-predicted
parameters will then be integrated into a standard AC-OPF formulation. The proposed model will be
evaluated against a static C-OPF baseline using four key metrics: Renewable Curtailment Reduc-
tion, which measures the energy unlocked by DLR; Population Exposure (PopEx), which quanti-
fies the reduction in health risks during low-dispersion events; Carbon Abatement Cost, assessing
the economic efficiency of the green transition; and Constraint Violation Frequency, determin-
ing if the static model would have physically overheated lines that the dynamic model correctly
protected.

Keywords: Carbon-Aware OPF, Dynamic Line Rating, Meteorological Dispersion, ML-Assisted
Optimization, Nodal Carbon Intensity.
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Carbon-Aware Optimal Power Flow
Xin Chen, Andy Sun, Wenbo Shi, Na Li

Abstract—To facilitate effective decarbonization of the electric
energy sector, this paper introduces a generic Carbon-aware
Optimal Power Flow (C-OPF) methodology for power system
decision-making that considers the active management of the
grid’s carbon footprints. Built upon conventional Optimal Power
Flow (OPF) models, the proposed C-OPF model further inte-
grates carbon emission flow equations and constraints, as well
as carbon-related objectives, to co-optimize electric power flow
and carbon emission flow across the power grid. Essentially, the
proposed C-OPF can be viewed as a carbon-aware generalization
of OPF. Moreover, this paper rigorously establishes the conditions
that guarantee the feasibility and solution uniqueness of the
carbon emission flow equations, and it proposes a reformulation
technique to address the critical issue of undetermined power
flow directions in the C-OPF model. Furthermore, two novel
carbon footprint models for energy storage systems are developed
and incorporated into the C-OPF method. Numerical simulations
demonstrate the characteristics and effectiveness of the C-OPF
method, in comparison with conventional OPF solutions.

Index Terms—Carbon-aware decision-making, optimal power
flow, grid decarbonization, carbon footprint.

NOMENCLATURE

A. Sets and Parameters

Ni Set of neighbor nodes of node i.
N+

i (N−
i ) Set of neighbor nodes that send power to

(receive power from) node i.
Gi Set of generators at node i.
Li Set of loads at node i.
T Set of time steps with the time interval δt.
wG

i,g Generation carbon emission factor of generator
g at node i.

B. Variables

Ri
ij(R

j
ij) Carbon flow rate of branch ij from node i to

node j measured at node i (node j).
Rloss

ij Carbon flow rate associated with the power loss
of branch ij.

RG
i,g Carbon flow rate from generator g at node i.

RL
i,l Carbon flow rate injected to load l at node i.

P i
ij(P

j
ij) Active power flow of branch ij from node i to

node j measured at node i (node j).
P loss
ij Power loss of branch ij.

PG
i,g(Q

G
i,g) Active (reactive) power output of generator g

at node i.
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PL
i,l(Q

L
i,l) Active (reactive) power of load l at node i.

P ch
i,t (P

dc
i,t ) Charging (discharging) power of the ES system

at node i at time t.
eesi,t Energy of the ES system at node i at time t.
Ees

i,t Virtually stored carbon emissions of the ES
system at node i at time t.

wes
i,t Internal carbon emission intensity of the ES

system at node i at time t.
wi Nodal carbon intensity of node i.

Notes: 1) Notations with an additional subscript t denote the
values at time t. For example, wi,t denotes the nodal carbon
intensity of node i at time t. 2) For a matrix A, A[i, j] denotes
the element in i-th row and j-th column.

I. INTRODUCTION

DEEP and rapid decarbonization of electric power systems
has emerged as an urgent priority [1] to combat climate

change. In 2022, the U.S. electric power sector emitted 1,539
million tons of carbon dioxide (CO2), which accounts for over
30% of the total U.S. energy-related carbon emissions [2]. To
enable transparent and effective grid decarbonization, precisely
measuring and quantifying the amount of carbon emissions
(i.e., carbon footprints) associated with electricity production
and consumption, known as carbon accounting [3], is crucial.
It lays the quantitative foundation necessary for informing de-
carbonization decisions, carbon-electricity markets, regulation
and policy development. Although almost all carbon emissions
in power systems physically originate from electric generators
due to the combustion of fossil fuels, it is the electricity con-
sumption that creates the need for power generation and results
in emissions. Hence, in addition to accurately measuring the
emissions produced by electric generators, it is essential to
determine the carbon footprints of end-users by appropriately
attribute the generation-side emissions to end-users based on
their electricity use, which is referred to as demand-side car-
bon accounting [4]. Accordingly, the Greenhouse Gas (GHG)
Protocol1 [3], [5] establishes two categories of emissions, i.e.,
Scope 1 and Scope 2, to distinguish the direct generation-side
emissions and the indirect (or attributed) emissions associated
with electricity consumption and power network losses.

As introduced in [4], carbon accounting frameworks can be
categorized into two primary types: attributional and conse-
quential. Attributional carbon accounting aims to allocate di-
rect generation-side emissions to end-users for assigning emis-
sions responsibility, namely the Scope 2 emissions described
above. In contrast, consequential carbon accounting seeks to
evaluate the change or impact on grid emissions resulting from

1The GHG Protocol [3], [5] developed by the World Resources Institute
(WRI) provides internationally recognized GHG accounting and reporting
standards and guidelines, which are widely used in the industry.
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specific decisions or projects, compared to a counterfactual
baseline emission scenario, which employs methods such as
marginal emissions [6] and avoided emissions. These two
carbon accounting frameworks are distinct and serve different
purposes [4]. In terms of attributional carbon accounting, there
are two main currently-used methods [3]: 1) the location-
based method, which adopts grid average emission factors
(AEFs) across long time horizons and large areas [3], [7]
to account for electricity users’ carbon footprints, and 2) the
market-based method, which derives carbon emission factors
purely based on clean power market instruments [8], such as
Renewable Energy Certificates (RECs) [9] and Power Purchase
Agreement (PPA) [10]. See [4] for a comprehensive overview
of carbon accounting methods for power grids.

This paper focuses on the location-based method for attri-
butional demand-side carbon accounting, while the existing
AEF-based schemes suffer from two critical limitations: 1)
lack of temporal and spatial granularity, and 2) disregard of
actual electricity delivery through physical power networks
[4]. Since the generation fuel mix in power systems constantly
changes over time, the grid carbon intensities of electricity
are dynamic and time-varying with significant daily and sea-
sonal patterns [11]. In addition, the grid carbon intensities
vary geographically, as generators of different fuel types are
distributed across various locations. Moreover, power grids
feature specific network topologies and circuits through which
power flows, physically connecting end-users with generators
and impacting carbon emissions. Therefore, carbon accounting
schemes require sufficient granularity and alignment with
physical power grids to 1) reflect the temporal variations and
spatial diversity in grid emissions, 2) provide precise and accu-
rate carbon accounting results for end-users, and 3) effectively
inform and incentivize grid decarbonization decisions. See [4],
[7], [12] for more discussions and justifications.

To tackle these issues, the concept of carbon (emission) flow
is introduced in [13], where carbon emissions are treated as
virtual network flows embodied in energy flows, transmitted
from producers to consumers. References [14], [15] establish
the mathematical models of carbon flow in electric power
networks. The carbon flow method defines nodal and branch
carbon intensities for the grid, providing a temporally and
spatially granular depiction of the grid’s carbon footprints.
In this way, the carbon flow method represents a prominent
tool for demand-side carbon accounting, which aligns carbon
footprint calculations with the physical grids and power flows.
See [14] and Section II for more details. Recent work [16]
presents a tree search algorithm to trace the contribution of
each generator to individual lines and loads, thereby estimating
nodal carbon emissions. This approach builds on the concept
of electricity flow tracing [17] and yields nodal carbon emis-
sion estimates comparable to those produced by the carbon
flow method, with the potential distinction being in how power
losses are handled.

Unlike the studies above that focus on accounting for
and estimating the grid carbon footprints, this paper aims to
advance foundational methodologies for grid decarbonization
decision-making and enable optimal carbon-electricity joint
management in power grids. In this regard, the Optimal Power

Flow (OPF) method [18], [19] stands as a foundational math-
ematical tool for optimizing power system decisions. It has
been studied extensively in the literature and widely applied
in grid planning, operations, control, and electricity markets
[20]–[22]. Existing OPF schemes typically seek optimal power
grid decisions to minimize a specific economic cost objective,
while satisfying the power flow equations, network constraints,
and operational limits of devices. However, the essential goals
of grid decarbonization and carbon footprint management are
inadequately considered. Since power system decisions, e.g.,
the siting and sizing of renewable generators or power dispatch
of various generation sources, directly impact the grid’s carbon
footprints, it becomes necessary to explicitly integrate carbon
footprint management into grid decision-making for achieving
desired decarbonization performances and outcomes.

A. Related Work and Key Issues

There have been a number of recent studies [23]–[32] that
consider carbon emission flow in power system planning and
operation. Reference [23] proposes a transmission expansion
planning method that defines an index to quantify the equity
performance of carbon emission allocation based on the carbon
flow model. In [24], a multi-objective power network transition
model is built to plan the retirement of aging coal-fired
power plants, while one of the objectives is to minimize user-
side carbon footprints. Reference [33] studies the low-carbon
operation of multiple energy systems and derives the locational
energy-carbon integrated price based on the nodal carbon
intensities calculated using the carbon flow method. In [25]–
[28], carbon-aware expansion planning models are established
for multi-energy systems under carbon emission constraints
on electric devices and energy hubs. Additionally, the carbon
flow model and constraints are taken into account in power
scheduling [29], energy management [30], [31], and peer-to-
peer carbon-electricity trading [32]. Existing studies outlined
above focus on specific power system applications. However, it
remains unaddressed in establishing a fundamental decision-
making methodology necessary for guiding various grid de-
carbonization decisions and supporting theoretical studies and
performance analysis.

Moreover, there are two critical issues in the integration
of carbon emission flow into the grid decision models that
necessitate to be addressed:

1) (Power Flow Directions): The carbon flow model [14]
needs to pre-determine the power flow directions for
all branches to identify the power inflows for each
node. However, the directions of branch power flows
are typically unknown prior to solving optimal decision
models. Most existing works that employ the carbon flow
model in grid decision-making either overlook the issue
of unknown power flow directions or assume they are pre-
determined by alternating between grid optimization and
carbon flow calculation through iterations [32]. Reference
[28] introduces binary indicator variables to handle the
unknown power flow directions in the carbon flow model.
It results in a mixed-integer nonconvex quadratically con-
strained optimization problem, which cannot be readily
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solved using off-the-shelf optimizers due to involving
both integer variables and nonconvex constraints. Thus,
a tailored heuristic penalty-based iterative algorithm is
designed to solve the optimization problem.

2) (Carbon Footprint Models for Energy Storage): By
switching between charging and discharging, energy stor-
age (ES) systems can shift load demand and transfer re-
newable energy across time, offering substantial potential
to reduce power system emissions. Hence, developing
carbon footprint models for ES systems is crucial, since
it lays the quantitative foundation for making optimal ES
planning and operation decisions, such as determining
installation location and capacity, and managing charg-
ing and discharging. In addition, granular and accurate
carbon accounting for ES systems enhances information
transparency, supporting the development of low-carbon
regulatory policies and market mechanisms for ES. It
also incentivizes ES stakeholders to adopt low-carbon
practices to reduce their own carbon footprint and overall
grid emissions. Carbon accounting for ES systems has
attracted considerable recent attention from the industry
[34], [35]. References [28], [29], [36] propose different
carbon footprint models for ES systems, while they
neglect the carbon emission leakage associated with ES
energy loss (see Remark 4), and the carbon accounting
mechanisms for ES system owners remain unclear.

B. Our Contributions

In this paper, we introduce a generic Carbon-aware Optimal
Power Flow (C-OPF) methodology as the fundamental theory
for carbon-aware power system decision-making that incorpo-
rates the active management of the grid’s carbon footprints.
Built upon conventional OPF models, the C-OPF model (see
model (7)) further integrates the carbon flow equations and
constraints, as well as carbon-related objectives, to co-optimize
power flow and carbon flow in the power grid. Essentially, C-
OPF is a carbon-aware generalization of OPF, and it produces
optimal decisions that satisfy carbon emission constraints and
balance the power-related and carbon-related costs. The main
contributions of this paper are threefold:

1) To our knowledge, this is the first work that introduces
the generic C-OPF methodology and builds its mathe-
matical model for lossy power networks with formulation
examples. In particular, this paper rigorously establishes
the conditions that guarantee the feasibility and solution
uniqueness of the carbon flow equations (see Theorem
1), and presents the key properties of the C-OPF model.

2) We propose a reformulation approach to address the
issue of unknown power flow directions in the C-OPF
model by introducing dual power flow variables and
complementarity constraints. This reformulation is exact
and eliminates the necessity of knowing power flow
directions in advance.

3) We develop two novel carbon footprint models for ES
systems: one precisely models the dynamics of carbon
emissions virtually stored in an ES unit and the carbon
leakage associated with ES energy loss, while the other

treats ES as a load during charging and a carbon-free
generator during discharging. The corresponding carbon
accounting schemes for ES owners are also introduced.

Furthermore, we develop a carbon-aware economic dispatch
model as an example based on the proposed C-OPF method,
and demonstrate the effectiveness of C-OPF through numerical
experiments in comparison with OPF-based solutions.

Remark 1. (Key Merits of C-OPF). In contrast to conventional
OPF-based schemes that merely incorporate carbon emission
costs into the objective, our proposed C-OPF method possesses
three distinct merits: 1) C-OPF explicitly models carbon
flow alongside power flow, enabling a granular representation
and management of the grid’s carbon footprints rather than
focusing solely on the system-wide total emissions. 2) C-OPF
is flexible to model various global and local decarbonization
targets or regulatory requirements for different entities and
stakeholders. It can ensure that power system decisions comply
with these requirements by imposing corresponding carbon
flow constraints. 3) C-OPF integrates demand-side carbon
accounting mechanisms that attribute emissions from power
generation to consumption, which allows the optimization of
carbon footprints for end-users, e.g., via carbon-aware power
dispatch and demand response. It establishes the theoreti-
cal foundation to engage numerous end-users with substan-
tial power flexibility and resources in grid decarbonization
decision-making.

The remainder of this paper is organized as follows: Section
II introduces the concept and model of carbon flow as well
as the use for carbon accounting. Section III presents the
C-OPF method with the reformulation approach. Section IV
introduces the carbon footprint models for energy storage
systems. Numerical experiments are conducted in Section V,
and conclusions are drawn in Section VI.

II. CARBON EMISSION FLOW AND CARBON ACCOUNTING

In this section, we first introduce the concept and model of
carbon flow for lossy power networks, and then establish the
conditions that ensure the feasibility and solution uniqueness
of the carbon flow equations. Next, we present the application
of the carbon flow method for demand-side carbon accounting.

A. Concept of Carbon Emission Flow

As mentioned above, the location-based method calculates
the average emission factor (i.e., the ratio of total carbon
emissions to the total generation energy) of an area grid
over a defined period for demand-side carbon accounting. As
illustrated in Figure 1, this AEF method treats the power
system as a large “pool”, assuming that all generations and
end-users are connected to one homogeneous and shared
infrastructure, without consideration of the power network and
power flow. In contrast, the carbon flow method views the
carbon emissions from generators as virtual attachments to the
power flow. These emissions are considered to be transmitted
from generators through power networks and accumulate on
the user side, forming carbon flows. The concept of carbon
flow is analogous to a “water supply” system, where virtual
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Fig. 1. Comparison between carbon emission pool and carbon emission flow.
(In sub-figure (a), all end-users in a large area adopt the same grid average
emission factor (AEF) to calculate their attributed carbon footprints. In sub-
figure (b), each pipeline represents a power line, with the width indicating
the magnitude of power flow. Darker colors indicate higher carbon emission
intensities. Power in-flows with different carbon emission intensities are mixed
at each bus and distributed downstream.)

Fig. 2. Illustration of virtual carbon flow and physical power flow.

carbon emissions accompanying power flows can be viewed as
invisible particles contained in water flows that are delivered
from water sources to users. The carbon emission intensity of
electricity is analogous to the particle concentration of water,
and a renewable generator is analogous to a pure water source.
In this way, the carbon flow method aligns with the physical
power grids and underlying power flows, enabling a temporally
and spatially granular depiction of the grid’s carbon footprints.

In practice, the grid operators and utilities are expected to
implement the carbon flow scheme, as these entities oversee
power grid operations and possess detailed power flow profiles.
Moreover, the carbon flow information (e.g., real-time nodal
carbon intensities) represents useful grid emission signals,
which can be sent to end-users (e.g., by displaying on smart
meters) to inform user-side decarbonization decisions [37].

B. Carbon Emission Flow Model for Lossy Power Networks

Consider a power network described by a connected graph
G(N , E), where N := {1, · · · , N} denotes the set of nodes
and E ⊂ N × N denotes the set of branches. As illustrated
in Figure 2, the notations with P denote the active power
flow values (in the unit of MW), while the notations with
R represent the associated carbon flow rates (in the unit of
tonCO2/h). The carbon (emission) intensity is defined as the

ratio w= R
P (in the unit of tonCO2/MWh) that describes the

amount of carbon flow associated with one unit of power flow.
The active power flows adhere to the power balance equa-

tion (1) at each node i:∑
k∈N+

i

P i
ki +

∑
g∈Gi

PG
i,g =

∑
j∈N−

i

P i
ij +

∑
l∈Li

PL
i,l, ∀i ∈ N , (1)

and P i
ij = P loss

ij + P j
ij for each branch ij ∈ E . Then, the

carbon flow model is built upon the active power flows and
the following two fundamental principles [14]:

1) Conservation Law of Nodal Carbon Mass: Similar to the
power flow balance (1), the total carbon inflows equal the
total carbon outflows at each node i ∈ N , i.e.,∑

k∈N+
i

Ri
ki +

∑
g∈Gi

RG
i,g =

∑
j∈N−

i

Ri
ij +

∑
l∈Li

RL
i,l. (2)

and Ri
ij = Rloss

ij + Rj
ij for each branch ij ∈ E . In (2),

RG
i,g=wG

i,gP
G
i,g is the generation carbon emission rate of

generator-g at node i.
2) Proportional Sharing Principle: At each node i ∈ N , the

allocation of total carbon inflows among all outflows is
proportional to their active power flow values, i.e.,

Ri
ij =

Rin
i

P in
i

· P i
ij , RL

i,l =
Rin

i

P in
i

· PL
i,l, (3)

where P in
i :=

∑
k∈N+

i
P i
ki +

∑
g∈Gi

PG
i,g and Rin

i :=∑
k∈N+

i
Ri

ki +
∑

g∈Gi
RG

i,g denote the total power inflow
and total carbon inflow at node i ∈ N .

The nodal carbon intensity of each node i is calculated as (4):

wi=
Rin

i

P in
i

=

∑
g∈Gi

wG
i,gP

G
i,g +

∑
k∈N+

i
wkP

i
ki∑

g∈Gi
PG
i,g +

∑
k∈N+

i
P i
ki

, ∀i ∈ N , (4)

which is the ratio of total carbon inflow to the total power
inflow. Equation (4) indicates that the power flow and power
loss of each branch ij ∈ E share the same carbon emission
intensity that equals to the nodal carbon intensity of the

sending node, i.e.,
Ri

ij

P i
ij

=
Rj

ij

P j
ij

=
Rloss

ij

P loss
ij

= wi.
Equation (4) is referred to as the carbon flow model or

carbon flow equation, and it can be equivalently reformulated
in the matrix form (5). The detailed derivation of (5a) is
provided in Appendix A.

(PN − PB)wN = rG (5a)

=⇒ wN = (PN − PB)
−1rG, (5b)

Here, wN := (wi)i∈N ∈RN and rG := (
∑

g∈Gi
wG

i,gP
G
i,g)i∈N ∈

RN denote the column vectors that collect the nodal carbon
intensities and nodal generation carbon flows, respectively.
PN := diag(P in

i ) ∈ RN×N is the diagonal matrix whose i-th
diagonal entry is the nodal active power inflow P in

i to node i.
PB∈RN×N is the branch power inflow matrix that is built by
letting PB[i, k]=P i

ki and PB[k, i]=0 if node k sends power
flow P i

ki to node i. Note that P i
ki and P k

ki are different due
to the line power loss. Given power flow profiles, the linear
equations (5a) can be solved to obtain wN, e.g., through matrix
factorization and backward and forward substitution, rather
than directly computing the matrix inverse in (5b).
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Fig. 3. A simple 3-node network case example.

C. Feasibility and Solution Uniqueness of Carbon Flow Model

A critical fundamental question is whether the carbon flow
equations (4) or (5) for a power network are feasible and admit
a unique solution. Based on the matrix form (5), it translates
to the invertibility of the carbon flow matrix PC := PN−PB,
which implies the feasibility and solution uniqueness. Hence,
this subsection studies the properties of the matrix PC.

By definition, the matrix PC is diagonally dominant [38],
and we define the set J :

J :=
{
i ∈ N

∣∣∣ |PC[i, i]| >
N∑

j=1;j ̸=i

|PC[i, j]|
}
. (6)

In practice, J ̸= ∅, i.e., there exist some rows i ∈ J of PC

that are strictly diagonally dominant; such rows correspond
to the nodes with generation power injections PG

i,g . Then, we
establish the invertibility property of PC in Theorem 1.

Theorem 1. Suppose that for each i /∈ J of the matrix PC,
there is a sequence of nonzero elements of PC of the form
PC[i, i1],PC[i1, i2], · · · ,PC[ir, j] with j ∈ J . Then, PC is
invertible, and PC is an M-matrix.

Proof. According to [39, Theorem], the matrix PC is nonsin-
gular and thus invertible. Since PC is diagonally dominant and
all its off-diagonal elements {PC[i, j]}i ̸=j are non-positive,
PC is an M-matrix [40] according to [39, Corollary 4].

Theorem 1 indicates that under the condition in Theorem 1,
the matrix PC is invertible, and thus the carbon flow equations
are feasible and have a unique solution regarding the nodal
carbon intensities and other carbon flow values.

Remark 2. The condition in Theorem 1 can be interpreted as
that for any node i with no generation power injection, one
can find a power flow path i ← i1 ← i2 ← · · · ← ir ← j in
the power network that traces upstream to a node j that has
generation power injection. This condition generally holds for
practical connected power networks. This condition also im-
plies that every node has non-zero power flux, i.e., PC[i, i] > 0
for all i ∈ [N ]. However, non-zero nodal power flux can not
guarantee that PC is invertible. For example, consider a simple
3-node circular network case shown in Figure 3. In this case,
every node has 1 unit of power flowing through it, but the
matrix PC is singular. And this case violates the condition
in Theorem 1. In addition, PC possesses all the properties of
being an M-matrix. For example, all the elements of P−1

C are
non-negative and every eigenvalue of PC has a positive real
part [40, Theorem 1.1].

D. Use of Carbon Emission Flow for Carbon Accounting
Given power flow results, one can solve the set of carbon

flow equations (4) or (5) to obtain the nodal carbon intensities
wN, and then calculate all carbon flow values. According to
the GHG Protocol [3], [5], the carbon accounting rules are:
• Generator-g at node i shall account for the (Scope 1) direct

carbon emission rate RG
i,g = wG

i,gP
G
i,g;

• Load-l at node i shall account for the (Scope 2) attributed
carbon emission rate RL

i,l = wiP
L
i,l;

• The power network owner shall account for the (Scope 2)
attributed carbon emission rate associated with the network
power loss, i.e.,

∑
ij∈ER

loss
ij =

∑
ij∈EwiP

loss
ij .

As the generation fuel mix and power flows change over
time, the carbon flow profiles are time-varying, and the carbon
footprints over a time period T (e.g., one day or one year) are
the time accumulation of R. For example, the carbon footprint
of load-l at node i is calculated as Êi,l,T :=

∑
t∈T δtwi,tP

L
i,l,t,

where δt is the time interval (e.g., 1 hour or 15 minutes).

III. CARBON-AWARE OPTIMAL POWER FLOW METHOD

In this section, we introduce the generic C-OPF model with
examples, and present the reformulation technique to tackle
the power flow direction issue of C-OPF.

A. Generic C-OPF Model
To enable the optimal management of carbon footprints in

power system decision-making, we propose the generic C-OPF
model (7) to co-optimize power flow and carbon flow.

Obj. min
x∈X

fpower(x,y) + fcarbon(x,y, z) (7a)

s.t. Power Flow Equations (x,y) = 0, (7b)
Power Flow Constraints (y) ≤ 0, (7c)
Carbon Flow Equations (x,y, z) = 0, (7d)
Carbon Flow Constraints (x,y, z) ≤ 0. (7e)

Here, x denotes the decision variables subject to the feasible
set X . The specification of x and X depends on the practical
applications. For instance, x denotes the generation decisions
of various generators and X represents the generation capacity
limits and ramping constraints in economic dispatch [41]. x
can also be the load adjustment decisions in demand response,
or the site and size decisions of new renewable generators
in grid planning. y denotes the power flow-related variables,
such as network voltage profiles and branch power flows. z
represents the carbon flow-related variables, such as nodal
carbon intensities wN and carbon flow values.

1) Objective Function: The objective (7a) aims to minimize
the overall cost that consists of two components: the power-
related cost denoted as fpower and the carbon emission-related
cost fcarbon. Depending on the specific applications, fpower

can be the generation cost, network loss, grid expansion invest-
ment cost, etc. fcarbon is defined to capture the externality of
carbon emissions and regulatory penalty on generation-side or
demand-side emissions (or the bonus on emission reduction).
An example of these cost functions is given by (8):

fpower :=
∑
i∈N

∑
g∈Gi

(
c2i,g(P

G
i,g)

2 + c1i,gP
G
i,g + c0i,g

)
, (8a)
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fcarbon := cemi ·
∑
i∈N

∑
g∈Gi

wG
i,gP

G
i,g, (8b)

where (8a) denotes the total generation cost in a quadratic form
with the parameters c2i,g, c

1
i,g, c

0
i,g , and (8b) is the penalty on

generation-side emissions with the cost coefficient cemi.
2) Power Flow Equations and Constraints: The power flow

equations (7b) and power flow constraints (7c) remain the
same as them in classic OPF models [18], [19], [42]. The
full AC power flow equations are formulated as (9):

P i
ij = (V 2

i − ViVj cos(θi − θj))gij

− ViVj sin(θi − θj)bij , ∀ij ∈ E , (9a)

Qi
ij = (ViVj cos(θi − θj)− V 2

i )bij

− ViVj sin(θi − θj)gij , ∀ij ∈ E , (9b)∑
j∈Ni

P i
ij =

∑
g∈Gi

PG
i,g −

∑
l∈Li

PL
i,l, ∀i ∈ N , (9c)∑

j∈Ni

Qi
ij =

∑
g∈Gi

QG
i,g −

∑
l∈Li

QL
i,l, ∀i ∈ N , (9d)

where Vi and θi are the voltage magnitude and phase angle
at node i. Qi

ij denotes the reactive power flow of branch ij
from node i to node j measured at node i. gij and bij are the
conductance and susceptance of branch ij.

The power flow constraints (7c) generally involve the line
thermal capacity constraints (10a) and voltage limits (10b).

(P i
ij)

2 + (Qi
ij)

2 ≤ S̄2
ij , ∀ij ∈ E , (10a)

V i ≤ Vi ≤ V̄i, ∀i ∈ N , (10b)

where S̄ij is the apparent power capacity of line ij. V̄i, V i are
the upper and lower limits of voltage magnitude at node i.

Since the power flow equations and constraints remain
unchanged, the linearization and convexification methods de-
veloped for them are still applicable. For instance, the classic
DC power flow model (11) [42], which neglects power loss,
can be used in the C-OPF model to replace the complete power
flow equations (9) for simplicity. In (11a), the superscript “i”
is omitted since P i

ij = P j
ij in the DC power flow model due

to neglecting power loss.

Pij = −bij · (θi − θj), ∀ij ∈ E , (11a)
Equation (9c). (11b)

3) Carbon Flow Equations and Constraints: The carbon
flow equations (7d) are given by (12):

wi

( ∑
g∈Gi

PG
i,g +

∑
j∈N+

i

P i
ji

)
=

∑
g∈Gi

wG
i,gP

G
i,g +

∑
j∈N+

i

wjP
i
ji, ∀i ∈ N , (12)

which is simply an equivalent reformulation of (4).
The carbon flow constraints (7e) can take various forms

depending on the practical settings for carbon footprint man-
agement. For example, an upper limit w̄N := (w̄i)i∈N can be
imposed on nodal carbon intensities, i.e. (13), to ensure that
users at these nodes are supplied with low-carbon electricity.
By adjusting this upper limit w̄N, one can control the level of
“cleanness” of the supplied electricity at a certain location. In

particular, letting w̄i = 0 enforces that the electricity supply at
node i is completely carbon-free. The definition of “node” is
flexible in terms of geographical scales, which can represent
a district grid, a distribution feeder, or a balancing area.

wi ≤ w̄i, ∀i ∈ N . (13)

An alternative carbon flow constraint (7e) can impose a cap
ĒL

i,l on the total individual user-side emissions as (14):

δt
∑
t∈T

(wi,t · PL
i,l,t) ≤ ĒL

i,l, ∀l ∈ Li, i ∈ N . (14)

Besides, instead of an emission cap on individual users, a cap
ĒL

i on the total nodal level emissions can be imposed as (15):

δt
∑
t∈T

(
wi,t ·

∑
l∈Li

PL
i,l,t

)
≤ ĒL

i , ∀i ∈ N . (15)

The determination of the cap parameters depends on practical
requirements. Other carbon flow constraints, including require-
ment for emission allocation fairness and equity [23], can also
be employed.

Due to the proportional sharing principle used in the carbon
flow model, a natural limit on nodal carbon intensities is wi ∈
[0, wG

max] for all i ∈ N , where wG
max := maxi,g{wG

i,g} is the
largest generation carbon emission factor. Hence, if w̄i in (13)
is set to be larger than wG

max for some nodes i, (13) imposes no
actual constraint on these nodes. Another critical issue is that
inappropriately designed carbon flow constraints may render
the C-OPF model (7) infeasible, e.g., when the caps in (13)-
(15) are too small to be achievable. To address this issue, the
hard constraints (13)-(15) can be converted to soft constraints
by adding slack variables with corresponding penalties in the
objective. For example, one can replace constraint (15) with
(16) and add a penalty term

∑
i∈N (cEi · αi) to the carbon-

related cost function fcarbon in objective (7a):

δt
∑
t∈T

(
wi,t

∑
l∈Li

PL
i,l,t

)
≤ ĒL

i + αi, αi ≥ 0, ∀i ∈ N , (16)

where αi is the slack variable and cEi denotes the penalty cost
coefficient for excessive demand-side emissions.

Remark 3. We note that the carbon flow constraints are not
inherent physical limitations but rather regulatory requirements
imposed on the power grid and end-users to manage their
carbon footprints. The objective is to incentivize low-carbon
electricity supply and consumption behaviors and ensure com-
pliance with grid decarbonization regulations and targets. For
instance, to meet the emission cap constraints (14), (15), end-
users can optimally schedule their load trajectories (PL

i,l,t)t∈T
to increase (decrease) electricity consumption when the grid
exhibits low (high) nodal carbon intensity. Alternatively, addi-
tional renewable generation units can be deployed in proximity
to node i, to effectively reduce the nodal carbon intensity wi,t.
These lead to the development of optimal carbon-aware de-
mand response and expansion planning schemes based on the
C-OPF method, and it can also be used to support many other
carbon-aware decision applications in power systems.

Essentially, the C-OPF model (7) is a carbon-aware gener-
alization of the OPF model, and it reduces to an OPF model
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if the carbon-related objective function fcarbon, carbon flow
equations (7d) and constraints (7e) are removed or inactive. It
also implies that existing OPF techniques, such as lineariza-
tion, convexification, decomposition, stochastic modeling, etc.,
can still be applied to the power flow components in C-
OPF (7). Moreover, the C-OPF model (7) can be directly
extended to the multi-period settings and involve time-coupled
constraints, such as generator ramping limits and the state-of-
charge constraints of ES systems. As an illustrative example,
a multi-period C-OPF-based economic dispatch model (27) is
established in Section V-A, which includes these time-coupled
constraints and employs a full AC power flow model.

In the C-OPF model (7), the carbon flow method is used
for demand-side carbon accounting to align the grid’s carbon
footprint quantification with physical power system operation
and actual power flows. Nevertheless, the C-OPF method is
flexible and can adapt to other carbon accounting approaches
by replacing the carbon flow equation (7d) with other valid
carbon accounting mathematical models.

B. Reformulation for Power Flow Directions

As mentioned in the introduction section and indicated by
the set N+

i , the carbon flow equation (12) requires the pre-
determination of branch power flow directions to identify the
power inflows for each node. However, the directions of branch
power flows are generally unknown prior to solving the C-OPF
problem. To address this issue, we introduce two non-negative
power flow variables P̂ i

ji ≥ 0 and P̂ i
ij ≥ 0 for each branch

ij ∈ E with P i
ij = P̂ i

ij − P̂ i
ji. Specifically, P̂ i

ji and P̂ i
ij denote

the power flow components from node j to node i and from
node i to node j, respectively, both of which are measured on
the side of node i. Then, we can equivalently reformulate the
carbon flow equation (12) as (17), and also need to replace
P i
ij with P̂ i

ij− P̂ i
ji in the power flow equations (9) (or the DC

power flow model (11)) and constraints (10a).

wi(
∑
g∈Gi

PG
i,g +

∑
j∈Ni

P̂ i
ji)

=
∑
g∈Gi

wG
i,gP

G
i,g +

∑
j∈Ni

wjP̂
i
ji, ∀i ∈ N , (17a)

P̂ i
ji ≥ 0, P̂ i

ij ≥ 0, ∀ij ∈ E , (17b)

P̂ i
ji · P̂ i

ij = 0, ∀ij ∈ E . (17c)

In (17a), we replace N+
i (the set of neighbor nodes that send

power to node i) by Ni (the set of all neighbor nodes of node
i). In addition, the complementarity constraint (17c) is added
to ensure that either P̂ i

ji or P̂ i
ij must be zero for each branch ij.

Here, a useful trick to facilitate the nonlinear optimization is
to replace the complementarity constraint (17c) by the relaxed
constraint (18) [43], and this relaxation is exact due to (17b).

P̂ i
ji · P̂ i

ij ≤ 0, ∀ij ∈ E . (18)

Alternatively, we can introduce a binary variable γij for
ij ∈ E and linearize the complementarity constraint (17c) with

γij ∈ {0, 1}, P̂ i
ji ≤ (1− γij)P̄ij , P̂ i

ij ≤ γijP̄ij . (19)

Note that both reformulations via (17) or (19) are equivalent
to the original carbon flow equation (12), but the branch flow
directions do not need to be known in advance.

In [28], binary indicator variables are introduced to han-
dle the unknown power flow directions in the carbon flow
model. It results in a mixed-integer nonconvex quadratically
constrained optimization problem, and a tailored penalty-based
iterative algorithm is designed in [28] to solve the optimization
problem through a number of iterations. In contrast, our
proposed dual power flow variables reformulation method with
the complementarity constraints (18) renders the C-OPF model
a standard nonconvex optimization problem without integer
variables. Therefore, the C-OPF model can be directly solved
using off-the-shelf nonlinear optimizers such as IPOPT [44],
without the need for designing ad hoc solution algorithms.

IV. CARBON FOOTPRINT MODEL FOR ENERGY STORAGE

Energy storage (ES) systems play a critical role in decar-
bonizing power grids, as their operations can be optimized
to curtail overall system emissions, e.g., charging when the
grid is clean and discharging when the grid is under high
emissions. Consider an ES system connected to node i∈N .
For time t ∈ T := {1, 2, · · · , T} with the time interval δt, the
dynamical ES power model [45] is formulated as (20):

0 ≤ P ch
i,t ≤ P̄ ch

i , 0 ≤ P dc
i,t ≤ P̄ dc

i , (20a)

P ch
i,t · P dc

i,t = 0, (20b)

eesi,t+1 = κie
es
i,t + δt

(
ηchi P ch

i,t −
1

ηdci
P dc
i,t

)
, (20c)

ei ≤ eesi,t ≤ ēi, eesi,T+1 = eesi,1, ∀i ∈ N , t ∈ T . (20d)

Here, P̄ ch
i and P̄ dc

i are the charging and discharging power
capacities. ηchi ∈ (0, 1] and ηdci ∈ (0, 1] denote the charging
and discharging efficiency coefficients, respectively. κi∈(0, 1]
denotes the storage efficiency factor that models the loss
of stored energy over time. ēi and ei are the upper and
lower bounds of the energy level of the ES system. The
complementarity constraint (20b) is used to enforce that an
ES unit can not charge and discharge at the same time.

In this section, we propose two carbon footprint models for
ES systems: the “water tank” model and the “load/carbon-free
generator” model. The associated carbon accounting mecha-
nisms for ES owners are presented as well.

A. “Water Tank” Carbon Footprint Model

The “water tank” model of ES is conceptually aligned with
the analogy of a “water supply” system used to explain the
carbon flow model in Section II-A. Analogous to a water tank
that stores both water and invisible particles, an ES system is
viewed to store both electric energy eesi,t (in the unit of MWh)
and virtual carbon emissions Ees

i,t (in the unit of tonCO2). We
then define the internal ES carbon intensity wes

i,t as (21):

wes
i,t =

Ees
i,t

eesi,t
. (21)

Note that eesi,t should not be zero to make wes
i,t well-defined.

This can be achieved by setting the lower energy bound ei in
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Fig. 4. Power flow and carbon flow under the “water tank” ES model.

(20d) to be a small positive value rather than zero. It can also
prevent numerical issues during the optimization process.

Based on the ES power model (20), we develop the dynam-
ical carbon footprint model of the ES unit as (22) for t ∈ T :

Ees
i,t+1 = κiE

es
i,t + δt

(
wi,tη

ch
i P ch

i,t − wes
i,t

1

ηdci
P dc
i,t

)
. (22)

Model (22) implies that (virtual) carbon emissions are injected
into the ES unit when it charges with electricity in the nodal
carbon intensity wi,t; and it releases the stored emissions back
to the grid when it discharges with electricity in the ES carbon
intensity wes

i,t. In particular, (22) models the carbon emission
leakage associated with the energy loss during the storage,
charging, and discharging processes of the ES unit. Figure 4
illustrates the carbon flow and power flow of the ES unit.

Alternatively, we can plug in the ES carbon intensity (21)
into (22) to eliminate the variable Ees

i,t and reformulate the ES
carbon footprint model equivalently as (23):2

wes
i,t+1 =λi,t · wes

i,t + (1− λi,t) · wi,t, (23a)

λi,t :=
κie

es
i,t

κieesi,t + δtηchi P ch
i,t

, (23b)

which describes the dynamics of the ES carbon intensity
wes

i,t. Interestingly, equation (23a) indicates an intuitive feature
that the ES carbon intensity wes

i,t+1 at the next time t+1
is a convex combination of the ES carbon intensity wi,t at
time t and the nodal carbon intensity wi,t with the weight
coefficient λi,t ∈ [0, 1]. When charging, the ES unit behaves
as if mixing the internally stored electricity with the newly
charged electricity; when it discharges, λi,t = 1 and the ES
carbon intensity remains unchanged, i.e., wes

i,t+1 = wes
i,t.

Accordingly, the carbon flow equation (17a) in the C-OPF
model is modified as (24) to incorporate the ES system.

wi,t

(
P dc
i,t +

∑
g∈Gi

PG
i,g,t +

∑
j∈Ni

P̂ i
ji,t

)
= wes

i,tP
dc
i,t

+
∑
g∈Gi

wG
i,g,tP

G
i,g,t +

∑
j∈Ni

wj,tP̂
i
ji,t, ∀i ∈ N , t ∈ T . (24)

From (24), it is seen that an ES unit affects the nodal carbon
intensities and carbon flow only when it discharges.

2In (23b), the term δt
ηdc
i

Pdc
i,t is dropped from the definition of λi,t, because

Pdc
i,t = 0 when the ES unit charges and λi,t = 1 when it discharges, which

are not affected by this term.

Remark 4. (Comparison with Existing ES Emission Mod-
els). Existing carbon emission models for ES systems pro-
posed in [28], [29], [36] also formulate the virtually stored
emissions and internal ES carbon intensity. However, these
models neglect the carbon emission leakage associated with
the energy loss during the storage, charging, and discharging
processes. This issue makes these ES carbon emission models
not rigorous or even problematic. For example, consider the
scenario when an ES unit remains idle, i.e., neither charging
nor discharging. Over time, the stored energy et gradually
depletes to zero due to energy loss, while the virtually stored
carbon emissions Et remain constant as the carbon leakage
associated with energy loss is not considered. As a result,
the internal ES carbon intensity Et/et would approach an
infinitely large value, which is unreasonable. In contrast, our
proposed “water tank” ES carbon footprint model (22) or (23)
avoids these issues by precisely modeling carbon leakage,
ensuring that carbon footprint attribution is consistent with
the actual electric energy usage.

Remark 5. (Carbon Accounting for ES Owners). Under the
“water tank” carbon footprint model, for the time horizon T ,
the owner of the ES system shall account for the (Scope 2)
attributed carbon emission Êes

i,T that is calculated by (25):

Êes
i,T =

T∑
t=1

δt(wi,tP
ch
i,t − wes

i,tP
dc
i,t ), ∀i ∈ N , (25)

which is the net carbon emissions withdrawn from the grid.
Intuitively, the attributed emission Êes

i,T can be decomposed
into two parts: 1) the change of virtually stored carbon emis-
sions, i.e., Ees

i,T+1−Ees
i,1, and 2) the carbon emission leakage

associated with ES energy loss, i.e., Ees
i,1+

∑T
t=1 δt(wi,tP

ch
i,t−

wes
i,tP

dc
i,t )−Ees

i,T+1. To make it more clear, we consider a loss-
less ES unit with κi= ηchi = ηdci =1. If this ES unit recovers
the initially stored emission level in the final time step, namely
Ees

i,T+1=Ees
i,1, we have Êes

i,T = Ees
i,T+1−Ees

i,1 = 0 from (22).
In this case, the ES owner accounts for zero carbon emissions,
regardless of the number of charging and discharging cycles.
This outcome aligns with the role of an ES system, which does
not directly produce or consume electricity (carbon emissions)
itself but rather enables the temporal shifts.

B. “Load/Carbon-Free Generator” Carbon Footprint Model

The proposed “water tank” model above requires continuous
monitoring of the virtually stored carbon emissions within an
ES system. To facilitate practical implementation, we propose
an alternative model termed “load/carbon-free generator” to
characterize the carbon footprints of an ES unit. Specifically,
this model directly treats an ES unit as a load during charging
and as a carbon-free clean generator during discharging.
Accordingly, the carbon flow equation (17a) in the C-OPF
model is modified as (24) with wes

i,t ≡ 0 for all t, since the ES
unit is regarded as a carbon-free generator during discharging.

In terms of carbon accounting, under the “load/carbon-free
generator” model, the ES owner shall account for the (Scope
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2) attributed carbon emissions Êes
i,T calculated by (26):

Êes
i,T =

T∑
t=1

δtwi,tP
ch
i,t , ∀i ∈ N . (26)

It implies that the virtual carbon emissions absorbed from
the grid during the charging period accumulate locally at the
ES unit and are not released back to the grid. Thus, the ES
owner incurs higher Scope-2 carbon emissions compared with
the carbon accounting scheme (25) under the “water tank”
model. Nevertheless, under the “load/carbon-free generator”
model, ES owners can make profits by acting as clean en-
ergy suppliers in the carbon-electricity market, e.g., selling
renewable energy certificates (RECs) [9], since the discharging
power is considered carbon-free. As a result, ES owners are
incentivized to charge their ES units when the grid is clean
with low carbon intensity to reduce their own carbon footprints
(26); and they are incentivized to discharge when the grid is
in high emission to make more profit, as the price of clean
electricity or RECs is expected to be higher at that time. In
this way, the “load/carbon-free generator” model is easy to
use and naturally incentivizes the carbon-aware operation of
ES systems. The simulation comparison between the “water
tank” and “load/carbon-free generator” ES carbon footprint
models are provided in Section V-E.

We note that alongside the two proposed carbon footprint
models for ES systems, there could be other valid models.
The use of different carbon models can lead to discrepancies
in carbon accounting results, operational decision-making, and
market design for ES systems. Hence, it is crucial to assess
the impact and select an appropriate model that aligns with
practical objectives and specific requirements.

V. NUMERICAL EXPERIMENTS

In this section, we build a carbon-aware economic dispatch
model based on the C-OPF method as an example for numeri-
cal tests, comparing it with conventional OPF-based schemes.

A. C-OPF-Based and OPF-Based Economic Dispatch Models

Based on the C-OPF method (7), we develop a carbon-aware
economic dispatch (C-ED) model (27) as a specific application
example. It involves the multi-period optimal power schedul-
ing of various generators and ES systems, while considering
a complete AC power flow model, network operational con-
straints, and carbon flow equations and constraints. The C-ED
model (27) is formulated as a nonconvex optimization problem
and we solve it using the solver IPOPT [44].

Obj. min
∑
i∈N

∑
t∈T

[ ∑
g∈Gi

(
c2i,g(P

G
i,g,t)

2 + c1i,gP
G
i,g,t + c0i,g

)
+ cesi (P dc

i,t + P ch
i,t )

]
, (27a)

s.t.PG
i,g,t≤PG

i,g,t≤ P̄G
i,g,t, ∀i∈N , g∈Gi, t∈T (27b)

QG

i,g,t
≤ QG

i,g,t ≤ Q̄G
i,g,t, ∀i∈N , g∈Gi, t∈T (27c)

∆G
i,g≤PG

i,g,t−PG
i,g,t−1≤∆̄G

i,g, ∀i∈N , g∈Gi, t∈T (27d)

P̂ i
ij,t − P̂ i

ji,t =
(
V 2
i,t − Vi,tVj,t cos(θi,t − θj,t)

)
gij

− Vi,tVj,t sin(θi,t − θj,t)bij , ∀ij∈E , t∈T (27e)

P̂ j
ij,t − P̂ j

ji,t = −
(
V 2
j,t − Vj,tVi,t cos(θj,t − θi,t)

)
gij

+ Vj,tVi,t sin(θj,t − θi,t)bij , ∀ij∈E , t∈T (27f)

Qi
ij,t =

(
Vi,tVj,t cos(θi,t − θj,t)− V 2

i,t

)
bij

− Vi,tVj,t sin(θi,t − θj,t)gij , ∀ij∈E , t∈T (27g)

Qj
ij,t = −

(
Vj,tVi,t cos(θj,t − θi,t)− V 2

j,t

)
bij

+ Vj,tVi,t sin(θj,t − θi,t)gij , ∀ij∈E , t∈T (27h)∑
g∈Gi

PG
i,g,t−PL

i,t + P dc
i,t − P ch

i,t

=
∑
j∈Ni

(P̂ i
ij,t−P̂ i

ji,t), ∀i∈N , t∈T (27i)∑
g∈Gi

QG
i,g,t −QL

i,t =
∑
j∈Ni

Qi
ij,t, ∀i∈N , t∈T (27j)

(P̂ i
ij,t − P̂ i

ji,t)
2 + (Qi

ij,t)
2 ≤ S̄2

ij , ∀ij∈E , t∈T (27k)

(P̂ j
ij,t − P̂ j

ji,t)
2 + (Qj

ij,t)
2 ≤ S̄2

ij , ∀ij∈E , t∈T (27l)

V i ≤ Vi,t ≤ V̄i, θi ≤ θi,t ≤ θ̄i, ∀i∈N , t∈T (27m)

0≤ P̂ i
ij,t, 0≤ P̂ i

ji,t, P̂
i
ij,t · P̂ i

ji,t≤0, ∀ij∈E , t∈T (27n)

0≤ P̂ j
ij,t, 0≤ P̂ j

ji,t, P̂
j
ij,t · P̂

j
ji,t≤0, ∀ij∈E , t∈T (27o)

wi,t ≤ w̄i,t, ∀i∈N , t∈T (27p)
Equations (20), (23), (24). (27q)

The objective (27a) aims to minimize the total generation and
ES operational costs, where cesi denotes the ES degradation
cost coefficient. Equations (27b)-(27d) denote the active and
reactive power generation capacity limits and the ramping
constraints for various generators. Equations (27e) and (27f)
represent the full AC power flow equations for the active power
flow values at the sending and receiving nodes, respectively.
Here, we employ the dual power flow reformulation method
introduced in Section III-B to address the issue of unknown
power flow directions. As shown in Figure 2, P i

ij,t= P̂ i
ij,t−P̂ i

ji,t

and P j
ij,t = P̂ j

ij,t− P̂ j
ji,t are the active power flow values of

branch ij that are measured at node i and node j, respectively.
Thus, the power loss of branch ij is P loss

ij,t = |P i
ij,t − P j

ij,t|.
Similarly, equations (27g) and (27h) represent the full AC
power flow equations for the branch reactive power flows
at the sending and receiving nodes, respectively. Equations
(27i) and (27j) are the active and reactive power balance
constraints at each node. Equations (27k) and (27l) represent
the line thermal constraints at the sending and receiving
nodes, respectively. Equation (27m) denotes the upper and
lower limits on nodal voltage magnitudes and phase angles.
Equations (27n) and (27o) represent the nonnegativity and
complementarity constraints for the dual power flow values;
see Section III-B for more explanations. Equation (27p) is the
carbon flow constraint that imposes a cap on the nodal carbon
intensities. This constraint enables the active management of
nodal carbon intensities, ensuring that clean power is supplied
to users with a carbon intensity no greater than w̄i,t. Equation
(27q) collects the dynamic power model (20) and the “water
tank” carbon emission model (23) for ES systems, as well as
the carbon flow equations (24).

For comparison, we also build a conventional OPF-based
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Fig. 5. The modified New England 39-bus test system.

ED model that does not incorporate the carbon flow model
and constraints. Essentially, the OPF-based ED model is a
reduced version of the C-ED model (27), which excludes the
carbon-related constraints (27p), (23), (24) and does not need
the introduction of dual power flow variables. The OPF-based
ED model is also a nonconvex optimization problem due to
the full AC power flow equations and the dynamic ES power
model, and we solve it using the solver IPOPT [44].

B. Test System and Simulation Settings

In the simulations, we consider day-ahead economic dis-
patch with T =12 time steps and 2-hour time intervals. The
modified New England 39-bus system, as shown in Figure 5,
is used as the test system, which includes 3 coal power plants,
3 natural gas power plants, 2 wind farms, 2 solar farms, 3 ES
systems, and 21 loads. The generation carbon emission factors
wG

i,g are 2.26, 0.97, and 0 (lbs/kWh) for coal plants, natural
gas plants, and renewable generators, respectively. The carbon
flow constraint (27p) is imposed for all the load nodes and
all t ∈ T , and we set the cap w̄i,t = 1.2 lbs/kWh.3 For each
ES system, we set the storage efficiency factor as κi = 0.99
and the charging and discharging efficiency coefficients as
ηchi = ηdci = 0.98. Other detailed system parameters and
settings are provided in [46].

C. Simulation Results Comparison of C-OPF and OPF

1) Nodal Carbon Intensity: Figure 6 illustrates the nodal
carbon intensities for all load nodes under the C-OPF-based
and OPF-based ED schemes, respectively. It shows that the C-
OPF-based ED model can generate effective power dispatch
schemes that keep the nodal carbon intensities of load nodes
below the cap of w̄i,t = 1.2 lbs/kWh. In contrast, the OPF-
based ED scheme frequently exceeds the nodal carbon inten-
sity cap. Moreover, the grid’s nodal carbon intensities exhibit
significant temporal variation and spatial diversity. From Fig-
ure 6, it is observed that the nodal carbon intensities at 13:00

3In the simulations, we set the same carbon intensity cap for all load nodes
and all times for simplicity. In practical applications, distinct carbon intensity
caps can be implemented for different nodes to distinguish the “cleanness”
level of electricity supply at specific locations.

Fig. 6. The nodal carbon intensities (NCI) for all load nodes under the C-
OPF-based and OPF-based economic dispatch schemes at 13:00 and 21:00.
(The black dashed line denotes the NCI cap w̄i,t=1.2 lbs/kWh).

Fig. 7. Visualization of nodal carbon intensities of the modified New England
39-bus test system at 13:00. (Darker color indicates higher carbon intensity).

are generally lower than those at 21:00, due to the higher
penetration of renewable generation at 13:00, as illustrated in
Figure 8. Figure 7 visualizes the grid’s nodal carbon intensities
at 13:00, with darker blue colors indicating higher carbon
intensity at each node. It demonstrates that the nodal carbon
intensities calculated using the carbon flow method can reflect
the proximity to different fuel types of generation and align
with the physical power flow. In comparison, the grid average
emission factor at 13:00 is calculated to be 0.5 lbs/kWh, which
only gives an indication of the overall grid average emission
state and falls short of providing detailed insight into local
emissions at different locations.

2) Power Dispatch Scheduling Decisions: Figure 8 illus-
trates the generation decisions of the C-OPF-based and OPF-
based ED schemes over a 24-hour period. In both schemes,
the renewable generation, i.e., solar and wind generation, is
fully utilized without curtailment. The primary distinction is
that the C-OPF-based ED scheme results in more generation
from expensive yet clean natural gas plants and less generation
from cheap but high-emission coal plants to meet the carbon
emission constraints, compared with the OPF scheme. The
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Fig. 8. The generation outputs of various power plants over 24 hours under
the C-OPF-based and OPF-based economic dispatch schemes.

TABLE I
OPERATIONAL COST OF OPF-BASED AND C-OPF-BASED ED SCHEMES.

Cost (k$) Coal Natural Gas Renewable Energy
Storage Total

OPF 4515.4 6734.1 50.7 15.1 11315.3
C-OPF 1345.0 12116.3 50.7 15.7 13527.7

operational costs of these two ED schemes are presented in
Table I. It is seen that the total operational cost of the C-OPF-
based ED scheme is higher than that of the OPF scheme, due to
the increased generation from natural gas plants as a substitute
for coal plant generation.

3) Grid Carbon Emissions and Energy Storage: Figure 9
illustrates the total generation-side and attributed demand-side
carbon emission rates over time. It is observed that the C-
OPF-based ED scheme yields reduced carbon emission rates
on both the generation side and demand side, compared with
the OPF-based ED scheme. That is because the carbon flow
constraint (27p) in the C-OPF model requires a larger share of
power supply from clean generators to meet the nodal carbon
intensity cap. As a result, the total system emissions over 24
hours are reduced from the amount of 69,981.9 klbs in the
OPF scheme to 56,958.8 klbs in the C-OPF scheme.

Moreover, slight differences between the generation-side
emission rates and the attributed load-side emission rates are
observed in Figure 9 for both the OPF and C-OPF schemes.
These differences result from the attributed emission rates for
the operation of ES systems and power loss. Consistent with

Fig. 9. The total (Scope 1) generation-side carbon emission rate and the total
(Scope 2) attributed load-side carbon emission rate over time under the C-
OPF-based and OPF-based economic dispatch schemes.

Fig. 10. The stored energy and virtual carbon emissions of the ES system at
node-38 under the C-OPF-based and OPF-based economic dispatch schemes
using the “water tank” ES carbon footprint model.

the power conservation law, our proposed carbon accounting
mechanisms based on the carbon flow method ensure the
“carbon conservation principle” [4] that the total generation-
side carbon emissions equal the sum of emissions attributed to
the total load, power loss, and ES systems at all times. Figure
10 illustrates the time trajectories of stored energy eesi,t and
virtual carbon emissions Ees

i,t of the ES system at node-38. It
is observed that the virtual carbon emissions generally increase
when the ES system charges and decrease when it discharges.
The period from 11:00 to 15:00, when charging does not result
in increased emissions, occurs because the ES system charges
with carbon-free renewable electricity. By combining Figures
9 and 10, it is seen that from 1:00 to 7:00, the generation-
side emissions are higher than the load-side emissions due to
the ES systems charging and absorbing emissions from the
grid. Conversely, at 9:00, the ES systems are discharging and
injecting emissions back into the grid, resulting in higher load-
side emissions than the generation-side emissions.

Table II summarizes the carbon accounting results across
24 hours for the C-OPF-based and OPF-based ED schemes,
where the (Scope 2) attributed emissions are calculated using
the mechanisms introduced in Sections II-D and IV-A. It is
verified that the total (Scope 1) generation-side emissions are
equal to the total (Scope 2) emissions attributed to loads, grid
power loss, and ES systems.

TABLE II
CARBON ACCOUNTING RESULTS BASED ON CARBON FLOW METHOD AND

“WATER TANK” ES CARBON FOOTPRINT MODEL.

(klbs) (Scope 1) Generation
-Side Emissions

(Scope 2) Attributed Emissions
Load Power Loss ES Systems

OPF 69,982 69,273 639 70
C-OPF 56,959 56,433 457 69

D. Impact of Nodal Carbon Intensity Cap

To study the impact of the carbon flow constraint (27p), we
adjust the nodal carbon intensity cap w̄i,t from 1 lbs/kWh to
2.2 lbs/kWh uniformly for all load nodes, and run the C-OPF-
based ED model for each case. Figure 11 illustrates the results
of total system emissions and total operational costs under
different carbon intensity caps. It is observed that as the nodal
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Fig. 11. Total system emissions and total operational costs of OPF-based and
C-OPF-based ED schemes under different nodal carbon intensity caps w̄i,t.

carbon intensity cap increases, the total system operational cost
of the C-OPF scheme decreases monotonically and converges
to that of the OPF scheme; simultaneously, the total system
carbon emissions increase and also converge to those of the
OPF scheme. Essentially, the C-OPF-based ED scheme strikes
an optimal trade-off between operational cost and carbon
emission reduction. This is also consistent with the intuition
that C-OPF solutions gradually reduce to traditional OPF
solutions as carbon flow constraints become less restrictive.

E. Comparison of Two ES Carbon Footprint Models

In the simulations above, the “water tank” ES carbon foot-
print model is adopted in the C-OPF-based ED model and the
carbon flow calculation for demand-side carbon accounting.
In contrast, this subsection implements the “load/carbon-free
generator (LCG)” ES carbon footprint model for comparison.
The carbon accounting results using the LCG ES carbon
footprint model are shown in Table III.

TABLE III
CARBON ACCOUNTING RESULTS BASED ON CARBON FLOW METHOD AND

“LOAD/CARBON-FREE GENERATOR” ES CARBON FOOTPRINT MODEL.

(klbs) (Scope 1) Generation
-Side Emissions

(Scope 2) Attributed Emissions
Load Power Loss ES Systems

OPF 69,982 68,375 631 976
C-OPF 57,322 56,081 463 778

Compared with Table II that uses the “water tank” model,
it is seen from Table III that for the OPF model, its optimal
solution and generation-side emissions remain the same, as the
OPF model does not involve carbon emissions. However, the
attributed emissions calculated using the carbon flow method
are different. Specifically, in the LCG ES carbon model, a
greater share of the carbon footprints is attributed to the
ES systems, thereby reducing the carbon footprints attributed
to the loads and power loss. This is because, unlike the
“water tank” model, ES systems are treated as pure loads
during charging in the LCG model. As a result, virtual carbon
emissions absorbed from the grid accumulate locally at the ES
systems and are not released back to the grid during discharg-
ing, which become the carbon footprints of the ES systems. In
terms of the C-OPF model, using the LCG ES carbon footprint

model alters its optimal solution, leading to higher generation-
side emissions and a reduced operational cost of 13, 506.2
k$. Because the ES systems impact the grid’s carbon flow
only during discharging, when the LCG ES carbon footprint
model treats ES systems as carbon-free generators that lower
the grid’s carbon intensities. Thus, it allows for increased
generation from high-emission but cheaper coal plants, while
still satisfying the nodal carbon intensity constraints. Similarly,
in the C-OPF case, much higher carbon footprints of 778 klbs
are attributed to the ES systems, in contrast to the 69 klbs
shown in Table II under the “water tank” model.

F. Computational Efficiency

The numerical experiments are implemented in a computing
environment with Intel(R) Core(TM) i7-1185G7 CPUs run-
ning at 3.00 GHz and with 16 GB RAM. We use the JuMP
language [47] in Julia to build optimization models and solve
them using the IPOPT solver (version 3.14.10) [44]. It takes
176.6 seconds on average to solve the C-OPF-based ED model
and 55.6 seconds to solve the OPF-based ED model.

Additionally, we implement the DC power flow model (11)
instead of the full AC power flow model in the C-OPF-based
and OPF-based ED models for simulation comparison. In this
case, both ED models are significantly simplified due to omit-
ting voltage magnitude and reactive power, neglecting power
line losses, and replacing nonlinear power flow equations with
linear DC flow equations. Under the DC power flow model, it
takes 16.4 seconds on average to solve the C-OPF-based ED
model and 1.2 seconds to solve the OPF-based ED model.

Due to the dual power flow reformulation and the addition
of carbon flow equations and constraints, the C-OPF model
generally has a larger problem size and requires more solution
time than the traditional OPF model. In practice, several meth-
ods can improve the solution efficiency of the C-OPF model.
For instance, by inspecting all branches and identifying those
whose power flow directions can be predetermined based on
the network configuration, the dual power flow reformulation
can be avoided for these branches. Additionally, the solutions
of the OPF model can be employed to warm-start the C-OPF
model. A key future research direction is to develop efficient
linearization and convexification approaches for the nonconvex
carbon flow equations to fundamentally enhance the solution
efficiency of the C-OPF model.

VI. CONCLUSION

This paper proposes a generic Carbon-aware Optimal Power
Flow (C-OPF) methodology as a fundamental tool for guiding
decarbonization decision-making in electric power systems. As
a carbon-aware generalization of conventional OPF models,
the C-OPF model enables the joint management of the grid’s
carbon footprints and power flows. A reformulation technique
is introduced to address the issue of unknown power flow
directions in the C-OPF model. Additionally, we propose two
novel carbon footprint models for ES systems as well as
their corresponding carbon accounting mechanisms, facilitat-
ing optimal carbon-aware ES operation. Numerical simulations
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demonstrate that C-OPF-based schemes can effectively coor-
dinate diverse energy resources for grid decarbonization while
ensuring that decisions comply with regulatory requirements
on carbon footprints. This paper represents preliminary work
introducing the emerging and promising technique of C-
OPF for supporting optimal power system decarbonization
decisions. Extensive future research is anticipated to further
advance the methodology of C-OPF. Potential future directions
include 1) theoretical advances in the C-OPF modeling and
optimization, such as efficient linearization and convexification
of the C-OPF model, and 2) practical applications of C-OPF to
power grid decision-making problems, such as carbon-aware
demand response and carbon-electricity pricing.

APPENDIX A
DERIVATION OF CARBON FLOW MATRIX FORM (5)

From (4), we first multiply both sides by the denominator
of (4) and move the term

∑
k∈N+

i
wkP

i
ki to the left-hand side,

leading to (28) for all i ∈ N :

wi

( ∑
g∈Gi

PG
i,g +

∑
k∈N+

i

P i
ki

︸ ︷︷ ︸
:=P in

i

)
−

∑
k∈N+

i

wkP
i
ki = RG

i , (28)

where RG
i :=

∑
g∈Gi

wG
i,gP

G
i,g denotes the total generation

carbon emission rate at node i. We then stack up equation (28)
for all nodes i ∈ N into a column form. On the left-hand side,
the first term of (28) becomes PNwN, where wN :=(wi)i∈N
is the column vector that collects the nodal carbon intensities
wi, and PN := diag(P in

i ) is the diagonal matrix whose i-
th diagonal entry is the nodal active power inflow P in

i to
node i. The second term of (28) becomes −PBwN, where
PB ∈ RN×N is the branch power inflow matrix that is
constructed by letting PB[i, k]=P i

ki and PB[k, i]=0 if node
k sends power flow P i

ki to node i. The right-hand side of (28)
becomes the column vector rG := (RG

i )i∈N . Thus, equation
(28) for all i ∈ N can be equivalently reformulated as (29):

(PN − PB)wN = rG. (29)

Taking the matrix inverse of (29) leads to (5). See [14] for
more derivation details.
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Abstract—Quantifying locational carbon emissions in power
grids is crucial for implementing effective carbon reduction
strategies for customers relying on electricity. This paper presents
a carbon-aware optimal power flow (OPF) framework that in-
corporates data-driven carbon tracing, enabling rapid estimation
of nodal carbon emissions from electric loads. By developing
generator-to-load carbon emission distribution factors through
data-driven technique, the analytical formulas for both average
and marginal carbon emissions can be derived and integrated
seamlessly into DC OPF models as linear constraints. The
proposed carbon-aware OPF model enables market operators
to optimize energy dispatch while reducing greenhouse gas emis-
sions. Simulations on IEEE test systems confirm the accuracy and
computational efficiency of the proposed approach, highlighting
its applicability for real-time carbon-aware system operations.

I. INTRODUCTION

The decarbonization of power systems is a top priority to
combat climate change. In 2023, the U.S. electric power sector
emitted 1,427 million metric tons of CO2, accounting for
over 29.7% of the nation’s total energy-related emissions [1].
Effective grid decarbonization relies on accurate measurement
of carbon emissions associated with both electricity production
and consumption, commonly referred to as carbon tracing.
This process quantifies emissions, providing a useful signal
for decisions related to decarbonization strategies. Since the
demand for electricity drives fossil fuel consumption from
power generation stations, it is essential to calculate not only
carbon emission from generation but also end-user carbon
footprints by attributing generation-based emissions to con-
sumers in proportion to their electricity usage.

Existing literature explores various methods for quantifying
carbon emissions within power grids, emphasizing the need
for tools that measure emissions at the nodal level to guide
effective carbon reduction practices. Traditional methods for
calculating system-level carbon emissions across all generators
without considering geographical or load-specific variations.
Virtual carbon flow models [2] have emerged to track car-
bon transfers between regions, while statistical [3], [4] and
machine learning [5] forecasting models utilize factors like
weather and load to predict network or region-wide emissions.
However, they fail to provide location-specific insights.

Recent research has focused on developing tools for nodal
emission calculations to support real-time operation by grid
operators [6]. Two key metrics are nodal average carbon

emissions, which reflect the overall carbon intensity of power
consumption, and nodal marginal carbon emissions, which
measure increase in overall carbon emission due to incre-
mental load changes. Specifically, reference [7] establishes
an incremental optimal power flow (OPF) model to evalu-
ate the marginal carbon emissions for a given power flow
scenario. Reference [8] quantifies the changes in system-
wide carbon emissions resulting from the activation of local
demand response resource. Reference [9] implements a load
control strategy that uses a lookup table to evaluate nodal
marginal carbon emissions. Reference [10] proposes a load-
shifting algorithm with an incremental OPF model to capture
the marginal carbon emissions of data centers. These methods
typically require solving an incremental OPF near a specified
operating point to capture locational carbon emissions, yet
solving an integrated system optimization problem with carbon
awareness remains challenging.

Analytical methods using carbon emission flow have also
been explored. Reference [11] established carbon emission
flow equations and employed iterative algorithms to trace car-
bon emissions back to specific generators, though the solution
lacks convergence guarantees, limiting its practical application.
Reference [12] calculates the nodal power flow mix through
analytical derivations and employs matrix inversion to map
carbon emissions from generators to demands. However, the
invertibility of the matrix cannot be guaranteed in the presence
of loop flows and bilateral contracts. More recent innovations
address these limitations by directly linking generator emis-
sions to individual nodal loads using computationally efficient
depth-first search algorithms [13], which calculate both aver-
age and marginal carbon emissions. However, this approach
serves primarily as an evaluation tool for given system states
and is challenging to integrate into an OPF problem. To
address this, [14] introduces a carbon-aware OPF model with
nonlinear carbon flow equations, offering a promising carbon
accounting tool for economic dispatch, though its non-convex
formulation significantly increases computational costs.

In response to the limitations of existing studies, this
paper presents a data-driven method to determine both the
average nodal carbon emission (ANCE) rate and the locational
marginal carbon emission (LMCE) rate. Given that carbon
flow is physically coupled with power flow, we trained an
affine mapping to trace power flows from individual generators
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to nodal loads, which are called generator-to-load distribution
factors. Using these factors, the analytical forms of ANCE and
LMCE are derived. The resulting carbon emission quantifica-
tion tool is linear, making it straightforward to integrate into
optimal power flow models. Accordingly, this paper proposes
a carbon-aware OPF model based on the data-driven carbon
tracing approach. The proposed method is verified using
several IEEE test systems. The test results demonstrated the
effectiveness of the proposed method.

II. METHODOLOGY

A. Tracing Nodal Carbon Emission

Consider a power network with N nodes and L transmission
lines. Let N denote the set of all nodes, L the set of lines,
and G the set of generators. At each time period, dn represents
the load demand at node n. For a node without load, dn = 0.
The system operator solves the OPF problem to determine the
power dispatch pg for G generators. Each generator g has a
carbon emission rate γg , expressed in units of lbs CO2/MWh.
The goal of this paper is to model carbon emissions in the
OPF framework and calculate the nodal carbon emission en
attributed to the loads at each node n.

The carbon emissions in a power system are created by the
generators and subsequently allocated to the electric loads.
The power consumed is not inherently tied to any specific
generator. To facilitate carbon tracing, we assume the power
flow is divisible and it follows a consistent allocation rule.
This is formally stated in Assumption 1, which enables a
proportional division of power flow.

Assumption 1. For any node n, the proportion of power inflow
attributable to generator g is equal to the proportion of the
power outflow attributable to generator g.

Assumption 1 implies that generators’ contributions are pro-
portionally allocated across the network, ensuring consistency
in carbon tracing of power flows. Under Assumption 1, the
contribution of each generator g to the nodal load n is denoted
as dn,g , and the nodal carbon emission en is computed using
(1), where Fg→n(·) denotes the mapping used to calculate the
contribution of generator g to load n.

dn,g = Fg→n(pg) (1a)

en =

G∑
g=1

γg dn,g (1b)

By introducing the nodal carbon emission, we can incorpo-
rate carbon-aware constraints into the OPF problem, as shown
in (2), where en,t denotes the carbon emission of node n on
time period t. Also, the nodal average carbon emission rate
δn can be computed using (3).

T∑
t=1

en,t ≤ Emax
n (2)

δn = en/dn (3)

B. Data-Driven Estimation of Nodal Carbon Emission

It is shown in (1) that the key to calculating the nodal carbon
emission is determining the specific form of the generator-
to-load function Fg→n(·). In fact, existing literature has in-
vestigated formulations for Fg→n(·). For instance, reference
[14] utilizes a non-convex mapping known as carbon flow
equations, while [13] proposes a tree search algorithm based
on a given flow result to determine the generator-to-load
allocation. These studies indicate that there exist an approxi-
mately linear mapping between pg and dn. In this paper, we
assume this mapping to be affine and employ a data-driven
approach to determine it. Compared to existing methods, the
proposed carbon tracing formula can be seamlessly integrated
into the OPF framework as linear constraints, maintaining the
computational efficiency of the OPF model and enabling a
carbon-aware OPF solution.

We define the generator-to-load contribution mapping
Fg→d(·) with an affine formulation, given by dn,g = αn,g pg ,
where αn,g ∈ [0, 1] represents the generator-to-load contribu-
tion factor of generator g to the nodal load n. The total carbon
emission of node n can then be estimated as:

en =

G∑
g=1

αn,gγgpg (4)

Here, the term αn,gγg is referred to as the carbon emission
distribution factor. The carbon emission rate γg is given for
each generator g. Our objective is to determine αn,g through
data-driven techniques. To ensure the physical relevance of
the data-driven results, we adopt Assumption 2. Assumption
2 essentially represents a lossless scenario, where all generated
power is ultimately allocated to the nodal loads.

Assumption 2. Under a lossless DC power flow model, the
generator-to-load distribution factors satisfy:

∑N
n=1 αn,g =

1, ∀g ∈ G.

A constrained regression problem is defined to determine
αn,g . Given the power flow set S, (5) can be solved for each
generator to obtain the generator-to-load distribution factors.

min
αn,g

Jg =

S∑
s=1

(
d(s)n − αn,gp

(s)
g

)2

(5a)

s.t.
N∑

n=1

αn,g = 1 (5b)

(5) is a convex non-linear programming problem, which can
be efficiently tackled by the commercial solvers like Gurobi.

C. Locational Marginal Carbon Emission

After obtaining the factors αn,g , we can express nodal
demand in terms of generator output using (6). By combining
(4) and (6), we can derive the locational marginal carbon
emission rate for each node.

dn =

G∑
g=1

αn,gpg. (6)



Let µn denote the LMCE rate at node n, which can be
calculated using (7).

µn =
∂en
∂dn

. (7)

The closed form solution for the LMCE rate is shown in (8).
Details of the derivation for (8) are provided in Appendix A.

µn =
∂en
∂dn

=

∑G
g=1 α

2
n,gγg∑G

g=1 α
2
n,g

. (8)

The LMCE rate µn can be interpreted as the weighted
carbon emission rate of generators γg , with weighting factors
α2
n,g . Since the generator-to-load distribution factor αn,g is

computed through a data-driven method, µn is referred to as
the data-driven LMCE rate.

Remark 1. The data-driven LMCE rate (8) acts as a tool
to approximate the actual carbon emissions. The power flow
scenario considered for the LMCE should be adequately rep-
resented by the power flow scenarios in the training dataset. In
practical applications, (8) should be adjusted to (9), where G∗

represents the set of generators in service within the evaluated
power flow scenario.

µn =
∂en
∂dn

=

∑
g∈G∗ α2

n,gγg∑
g∈G∗ α2

n,g

(9)

D. Carbon-Aware OPF with Carbon Distribution Factors
This subsection incorporates data-driven carbon emission

distribution factors into the OPF problem, keeping it as an
efficient linear programming (LP) problem with carbon-aware
OPF solutions. The resulting carbon-aware OPF model is
presented in (10).

min
pg,en

fpower(pg, ∀g) + fcarbon(pg, ∀g) (10a)

s.t.
∑

g∈G
pg −

∑
n∈N

dn = 0 (10b)

pl = Γl,n

(∑
g∈G(n)

pg − dn

)
, ∀l ∈ L (10c)

−Pmax
l ≤ pl ≤ Pmax

l , ∀l ∈ L (10d)

Pmin
g ≤ pg ≤ Pmax

g , ∀g ∈ G (10e)

en =
∑

g∈G
αn,gγgpg, ∀n ∈ N (10f)∑

n∈N
en ≤ Etotal (10g)

The objective (10a) minimizes the overall cost, which
includes the power-related cost fpower and the carbon emission-
related cost fcarbon. Depending on the specific application,
fpower may represent generation costs, network losses and etc.
The term fcarbon is is defined to capture the equivalent costs
for carbon emissions associated with either the generation
or demand side, such as carbon emission permit fees for
generators. A sample cost function is provided in (11).

fpower :=
∑

g∈G

(
agp

2
g + bgpg + cg

)
, (11a)

fcarbon := cemp
∑

g∈G
γgpg, (11b)

where (11a) denotes the total generation cost in quadratic form
with parameters ag , bg , and cg , and (11b) denotes the carbon
emission cost for generators with permit price cemp.

(10b) represents the system-wide power balance constraint
under a lossless DC power flow model. (10c) calculates line
power flows using the power transfer distribution factors Γl,n,
where G(n) denotes the set of generators located at node n.
Constraints (10d) limit the allowable range for line power
flows, while constraints (10e) enforce the capacity limits for
generators. (10f) calculates nodal carbon emissions based on
data-driven carbon emission distribution factors, and (10g)
regulates the allowable system-level carbon emission. (10g)
provides a basic carbon constraint for illustration purposes.
With (10f), various customized carbon constraints can be
developed as those in reference [14].

The proposed carbon-aware OPF framework (10) has a
computationally efficient LP structure, allowing direct ex-
tension to a multi-period dispatch model or integration into
the unit commitment problem. This formulation provides a
carbon-aware generalization of the DC-OPF model and can
be efficiently solved through linear programming solvers such
as CPLEX and Gurobi.

III. CASE STUDY

The proposed carbon-aware OPF is evaluated on several
IEEE test systems, including the 5-bus, 24-bus, 30-bus, and
118-bus system from MATPOWER 7.1 [15]. Numerical sim-
ulations are conducted based on the DC-OPF solver in MAT-
POWER. Load demands are adjusted according to a uniform
distribution within the range [0.7, 1], and sample generation
follows the method specified in [16]. Each test system is
accompanied by 1,000 data samples, with 80% of the samples
randomly selected as the training dataset and the remaining
20% as the testing dataset. Generators are assumed to be
powered by fossil fuels, with carbon emission rates γg ranging
from 113 to 2,388 lbs CO2/MWh. The specific settings for
generator carbon emissions can be found in [13].

A. Data-driven Generator-to-load Distribution Factors

The generator-to-load distribution factors, αn,g , are funda-
mental for calculating nodal carbon emissions. In this subsec-
tion, we estimate the data-driven generator-to-load distribution
factors αn,g and present the load approximation errors using
the estimated αn,g and generator outputs in Table I. The
accuracy metrics include the mean absolute error (MAE)
and maximum absolute error (Max-AE), both measured in
megawatts (MW). As shown in Table I, the trained model
demonstrates minimal load approximation errors, with an av-
erage MAE of 6.64×10−7 MW and a Max-AE of 2.81×10−5

MW. These results indicate that αn,g effectively distributes
generator output to meet load demands, which is crucial for
accurate carbon tracing. The data also reveals a correlation
between accuracy and system size: the highest Max-AE occurs
in the 118-bus system, while the 5-bus system shows near-
perfect result, with negligible error. This suggests that system
complexity may impact the distribution factor’s precision, with
smaller systems exhibiting more accurate results.



TABLE I
ERROR OF LOAD DEMANDS APPROXIMATED BY DATA-DRIVEN

GENERATOR-TO-LOAD FACTORS

Systems MAE (MW) Max-AE (MW)
5-bus 3.81× 10−9 1.12× 10−8

24-bus 2.37× 10−6 2.58× 10−5

30-bus 1.30× 10−8 1.23× 10−6

118-bus 2.68× 10−7 8.53× 10−5

Tol. Avg. 6.64× 10−7 2.81× 10−5

TABLE II
DATA-DRIVEN GENERATOR-TO-LOAD FACTORS OF THE 5-BUS SYSTEM

Indices G-1 G-2 G-3
Bus-1 0 0 0
Bus-2 0.3154 0.2931 0.3021
Bus-3 0.2775 0.3099 0.2979
Bus-4 0.4071 0.3970 0.4000
Bus-5 0 0 0

The trained generator-to-load distribution factors for the 5-
bus system are examined in detail. This system includes three
generators located at buses 1, 3, and 5. As shown in Table
II, generators G-1, G-2, and G-3 supply the loads at buses
2, 3, and 4, using distribution factors that reflect the load-
sharing dynamics among generators. Notably, bus-4 receives
the highest contributions from all generators, with distribution
factors around 0.4, indicating a balanced load-sharing across
the generators. In contrast, buses 2 and 3 exhibit greater
variability, with slightly lower impacts from G-2 at Bus-2 and
G-1 at Bus-3, respectively. Buses 1 and 5 do not serve load
and thus has zero generator-to-load factors. This data-driven
analysis highlights the spatio distribution of generator-to-load
distribution factors across the network.

B. Data-driven Locational Marginal Carbon Emission Rate

In this subsection, we use (8) to calculate the LMCE rate,
µn for a 30-bus system with 6 generators and settings of γg de-
tailed in Table III. The resulting data-driven LMCE rates, µn,
are shown in Fig. 1, alongside benchmark values derived from
sensitivity analysis [6], [13] for each node. The node indices in
Fig. 1 are sorted by µn values. From the test results in Fig. 1,
it is evident that the calculated LMCE rates µn for the 30-bus
system closely align with the benchmark values, demonstrating
high accuracy. This data-driven approach effectively captures
emission variations across the network, facilitating effective
customer level carbon reduction in the power system.

TABLE III
CARBON EMISSION RATE OF GENERATORS IN THE 30-BUS SYSTEM

Gen. Index G-1 G-2 G-3 G-4 G-5 G-6
γg (lbs CO2/MWh) 565 1890 1145 1446 644 961
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Fig. 1. The locational marginal carbon emission of the 30-bus system (with
the indices on the x-axis sorted by the values of µn).

TABLE IV
PERFORMANCE OF THE CARBON-AWARE OPF ON 30-BUS SYSTEM

Metric Baseline-OPF Carbon-OPF
Power Cost ($) 3.58× 103 3.70× 103

Carbon Emission Cost ($) 1.82× 103 1.71× 103

Total Cost ($) 5.40× 103 5.41× 103

Total Emission (CO2) 101.5 ton 95 ton
Solution Time (s) 0.082 0.089

C. Evaluation of Carbon-Aware OPF

In this subsection, the performance of the proposed carbon-
aware OPF problem (10) with objective function (11) is
evaluated. We define the OPF problem (10)-(11) without
carbon constraints (10f)-(10g) as the baseline-OPF problem,
while the version incorporating carbon constraints represents
the proposed carbon-aware OPF. The parameter cemp is set
as 0.009$/lbs CO2. The carbon-aware OPF includes a carbon
constraints with Etotal = 95 ton CO2.

The results of the two OPF problems on the 30-bus sys-
tem are presented in Table IV. As shown in Table IV, by
introducing the carbon emission constraint, the carbon-aware
OPF successfully identifies a generator dispatch scheme with
reduced emissions, lowering emitted CO2 from 101.5 tons to
95 tons. This reduction led to a slightly increased generation
cost, from $3.58 × 103 to $3.70 × 103. The carbon-aware
approach also results in a decrease in carbon emission cost,
from $1.82×103 to $1.71×103, partially offsetting the higher
power cost. Consequently, the total operational cost remains
nearly unchanged, with only 0.19% or $10 increase in total
cost. The OPF solution time experiences a slight increase from
0.082 to 0.089 seconds, indicating that the proposed method
maintains computational efficiency. The carbon-aware OPF
achieves a significant reduction in emissions with minimal cost
impact, demonstrating the effectiveness of emission constraints
in aligning power dispatch with environmental objectives
while maintaining cost stability.



IV. CONCLUSION

This paper developed a data-driven approach to formulate
and solve carbon-aware OPF problem, providing valuable
locational marginal carbon emission rate signals to end-use
customers to effectively reduce their carbon footprint. By
estimating generator-to-load distribution factors, the proposed
method enables the derivation of closed-form solution for
both average and marginal nodal carbon emission rates. The
integration of generator-to-load distribution factors into the
OPF framework yields carbon-aware energy resource dis-
patch decisions, balancing power system operation cost and
emissions reduction objectives. Simulation results on IEEE
test systems demonstrate that the proposed method achieves
significant emissions reductions with minimal impact on total
operational costs, while maintaining computational efficiency.
The proposed method serves as a valuable tool for supporting
real-time carbon accounting and facilitating carbon-oriented
demand management. Future work will focus on extending
the model to incorporate multi-period and stochastic OPF
scenarios, further enhancing its applicability to dynamically
changing and uncertain grid conditions.

APPENDIX

A. Derivation of Locational Marginal Carbon Emission

Applying the chain rule to (4), we have:

∂en
∂dn

=

G∑
g=1

(
∂en
∂pg

· ∂pg
∂dn

)
(12)

Since dn is a function of pg , we need to find ∂pg

∂dn
. However,

directly computing ∂pg

∂dn
is difficult because dn depends on all

pg . Instead, we can consider the relationship between en and
dn via their gradients with respect to pg . Let us define the
gradient vectors of en and dn with respect to pg , which are
shown in (13) and (14), respectively.

∇pen =

(
∂en
∂p1

, . . . ,
∂en
∂pG

)
= (αn,1γ1, αn,2γ2, . . . , αn,GγG)

(13)

∇pdn =

(
∂dn
∂p1

, . . . ,
∂dn
∂pG

)
= (αn,1, αn,2, . . . , αn,G) (14)

Now we can derive ∂pg

∂dn
by using the gradient vectors as:

∂en
∂dn

=
∇pen · ∇pdn
∥∇pdn∥2

, (15)

where ∇pen · ∇pdn is the dot product of the two gradient
vectors and ∥∇pdn∥2 is the squared magnitude (norm) of the
gradient ∇pdn.

The numerator and denominator of (15) are computed as:

∇pen · ∇pdn =

G∑
g=1

(αn,gγg)(αn,g) =

G∑
g=1

α2
n,gγg (16a)

∥∇pdn∥2 =

G∑
g=1

(αn,g)
2 (16b)

Substituting them back into (15), we can finally obtain the
locational marginal carbon emission rate:

∂en
∂dn

=

∑G
g=1 α

2
n,gγg∑G

g=1 α
2
n,g

(17)

B. Nomenclature
pg Power output of generator g.
γg Carbon emission rate of generator g.
en Carbon emission amount of node n.
en, t Carbon emission amount of node n at time period t.
dn Power demand of node n.
dn,g Power demand of node n that is served by generator g.
δn Average carbon emission rate of node n.
αn,g Generator-to-load distribution factor for generator g to

the load located on node n.
pl Power flow on transmission line l.
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